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Abstract

We presenta technique,basedon precomputedlight transport,for
interactive renderingof translucentobjectsunderall-frequency en-
vironmentmaps. We considerthe completeBSSRDFmodelpro-
posedby Jensenet al. [2001], which includesbothsingleanddif-
fusemultiple scatteringcomponents.The challengeis how to ef-
�ciently precomputeall-frequency light transportfunctionsdueto
subsurfacescattering.Weapplythetwo-passhierarchicaltechnique
by Jensenet al. [2002] in the spaceof non-linearlyapproximated
transportvectors,which allows us to ef�ciently evaluatetransport
vectorsdueto diffusemultiple scattering.We thenincludeanap-
proximatedsingle scatteringterm in the precomputation,which
previous interactive systemshave ignored. For an isotropicphase
function,thisapproximationproducesadiffusetransportvectorper
vertex, and is combinedwith the multiple scatteringcomponent.
For ageneralphasefunction,we introduceatechniquefrom BRDF
renderingto factorthephasefunctionusinga separabledecompo-
sition to allow for view-dependentrendering. We show that our
renderingresultsqualitatively matchtheappearanceof translucent
objects,achieving ahigh level of realismat interactive rates.

CR Categories: I.3.3 [ComputerGraphics]:Picture/ImageGen-
eration; I.3.7 [ComputerGraphics]: Three-DimensionalGraphics
andRealism;

Keywords: Subsurfacescattering,phasefunction, separableap-
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1 Intro duction

An accuratelight transportmodel is essentialfor realistic image
synthesis.Traditionallylight scatteringby materialsis modeledby
theBRDF(BidirectionalRe�ectanceDistributionFunction),which
assumesthatlight entersandexits thesurfaceatthesamepoint. Al-
thoughthis assumptionis valid for metals,it is not valid for many
translucentmaterialswecommonlyencounterin thenaturalworld,
suchasmarble,jade,wax, leaves,milk andhumanskin. Render-
ing thesematerialswith the BRDF cancreatea hard,unconvinc-
ing appearancethat overemphasizessmall geometricdetails. On
the appropriatescalemostmaterialsexhibit translucency, making
them appearsmoothand soft, blurring surfacegeometricdetails.
This is dueto light enteringandbeingscatteredwithin theobject,
a processknown as subsurfacescattering. Subsurfacescattering
hasbeensimulatedof�ine usinga wide rangeof proposedmeth-
odsfor participatingmedia,suchas�nite elementmethods[Rush-
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Figure1: The bird modelrenderedwith a BSSRDFthat includes
both single and multiple scatteringunder environment lighting.
Noteits translucentappearanceandtheall-frequency shadows.

meierandTorrance1987;Blasietal. 1993],pathtracing[Hanrahan
andKrueger1993;LafortuneandWillems 1996],photonmapping
[Jensenand Christensen1998; Dorsey et al. 1999] and diffusion
approximation[Stam1995].Recentadvancesallow ef�cient simu-
lationof subsurfacescatteringby theBSSRDF(BidirectionalScat-
teringSurfaceRe�ectanceDistributionFunction)model,which re-
lates outgoing radianceat a surfacepoint to incident �ux at all
pointson the surface. By assuminghomogeneousmedia,Jensen
et al. [2001] formulatedthe BSSRDFas the sumof singlescat-
tering anda diffusedipole approximationfor multiple scattering.
Jensenet al. [2002] thenpresenteda two-passhierarchicalintegra-
tion techniqueto acceleratethe computationof the multiple scat-
teringcomponentremarkably. They alsoexperimentallyvalidated
that the importanceof multiple scatteringincreaseswith themate-
rial albedo.Severalrecentpapers[Lenschetal.2002;Mertensetal.
2003;HaoandVarshney 2004]exploit thispropertyandimplement
interactivesystemsfor renderingmultiplescattering.Unfortunately
thesetechniquescannotef�ciently handleillumination and shad-
ows from anenvironmentmap,andthey ignoresinglescattering.

Sloanetal. [2002]introducedprecomputedradiancetransfer(PRT)
for real-timerenderingwith low-frequency environmentlighting.
They precomputefor every vertex theradianceresponsesto a low-
order(25D)sphericalharmonics(SH)lighting basis,andstorethem
astransportvectors. Relightingthenreducesto the inner product
of a light vector, representedin the sameSH basis,with the pre-
computedtransportvectors. Later, Sloanet al. [2003] included
thediffusemultiple scatteringcomponentof theBSSRDFin their
PRT framework. Singlescatteringis approximatedusinga glossy
BRDF, but is not physically based.Dueto linearapproximationin
anSH basis,their systemis limited to low-frequency lighting. To
improve the quality in all-frequency lighting environments,Ng et
al. [2003] proposednon-linearapproximationin a wavelet basis,
and achieved interactive ratesfor diffuse BRDF rendering. This
approachis later extendedby [Wang et al. 2004] and [Liu et al.
2004] to renderglossyBRDFs. To incorporatethe BSSRDF, we
facethechallengeof deriving acompactformulafor thelight trans-
port function that allows for ef�cient precomputation.A straight-
forward solutionwould be to precomputefor every vertex the ra-
dianceresponsesto eachlighting basis,then apply a non-linear



waveletapproximation.This is feasiblefor a smallnumberof SH
lighting bases(25 in [Sloanet al. 2002]),however, it would incur
animpracticalamountof computationtime for thelargenumberof
waveletlighting bases(24;576in [Ng etal. 2003]).

In this paper, we considerthecompleteBSSRDFmodelby Jensen
etal.,composedof bothsingleanddiffusemultiplescatteringcom-
ponents. For multiple scattering,we apply their two-passhierar-
chicaltechnique[2002] in thespaceof transportvectors,whichare
non-linearlyapproximatedusinga waveletbasis. In the �rst pass,
for selectedsurfacesamplepoints, we computeirradiancetrans-
portvectors,whichdescribeirradiancevaluesparameterizedonthe
lighting environment. We compressthesetransportvectorsusing
a non-linearwavelet approximation. In the secondpass,we hi-
erarchicallyintegratetheprecomputedirradiancetransportvectors
to computea per-vertex multiple scatteringtransportvector. For
single scattering,we usean approximatedformula derived from
[Jensenet al. 2001].For anisotropicphasefunction,we evaluatea
diffusesinglescatteringtransportvectorpervertex andcombineit
with themultiple scatteringcomponent.For a generalphasefunc-
tion, we usea techniquesimilar to [Wang et al. 2004] and [Liu
et al. 2004]. Speci�cally, we factorthephasefunctionusinga sep-
arabledecomposition[Kautz andMcCool 1999] andkeepK low-
order terms,eachconsistingof a purely light-dependentpart and
a purelyview-dependentpart. We precomputeK singlescattering
transportvectorspervertex, correspondingto eachlight-dependent
part;therenderingalgorithmthenusestheview-dependentpartsto
determinevertex color. We show that our renderingresultsqual-
itatively matchthe appearanceof translucentobjects,achieving a
high level of realism.To our knowledge,this is the�rst interactive
systemincorporatingall-frequency environmentlighting andsub-
surfacescatteringwith bothsingleandmultiplescattering.

2 Background

In this section, we brie�y review the BSSRDFformulation by
Jensenetal. [2001]andtheir rapidtwo-passhierarchicalrendering
technique[2002]. The formulationassumesa homogeneouspar-
ticipatingmedium,thepropertiesof whicharecharacterizedby the
absorptioncoef�cient sa, thescatteringcoef�cient ss andthephase
function p(~wi ; ~wo). Theextinctioncoef�cient is s t = sa + ss.

TheBSSRDFdescribessubsurfacescatteringin suchamediumby:

Lo(xo; ~wo) =
Z

A

Z

2p
S(xi ; ~wi ;xo; ~wo) L(xi ; ~wi) (~ni � ~wi) d~wi dA(xi) (1)

whereLo is theoutgoingradianceat point xo in direction ~wo, L is
the incidentradianceat point xi in direction~wi , andS is theBSS-
RDF. Jensenetal. [2001]de�ne theBSSRDFasthesumof asingle
scatteringtermS(1) andadiffusemultiplescatteringtermSd:

S(xi ; ~wi ;xo; ~wo) = S(1)(xi ; ~wi ;xo; ~wo) + Sd(xi ; ~wi ;xo; ~wo)

Usingadipolesourceapproximation,they deriveSd as:

Sd(xi ; ~wi ;xo; ~wo) =
1
p

Ft (h ; ~wi) Rd(jjxi � xojj ) Ft (h ; ~wo) (2)

whereFt is theFresneltransmittance,h is therelative index of re-
fraction,andRd is thediffusere�ectancecomputedby:

Rd(r) =
a 0

4p
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wheres 0
s = (1� g) ss ands 0

t = sa + s 0
s arereducedscatteringand

extinction coef�cients, a 0= s 0
s=s 0
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Figure2: (a) Singlescatteringis computedby integratingover the
refractedoutgoingray ~wo

0. xp is a samplepoint alongthe integra-
tion path. Incidentpath lengths0

i is approximatedfrom observed
pathlengthsi by Eq5. (b) Weapproximatesinglescatteringby us-
ing thenegative normaldirectionasthe integrationpath. Theblue
solid line shows theapproximatedobservedpathlengthsi , andthe
red dottedline is the true si . The approximationis moreaccurate
asxp getscloserto thesurface,whichalsocontributesmoreimpor-
tanceto theintegral. dm is themaximumdistancealongthepath.

meancosineof thescatteringangle,s tr =
p

3sa s 0
t is theeffective

extinction coef�cient, dr =
p

r2 + z2
r and dv =

p
r2 + r2

v are the
distancesfrom illuminationpointxi to thedipolesource,r = jjxo �
xi jj is thedistancebetweenxi andxo, andzr = 1=s 0

t andzv = zr (1+
4A=3) are the distancesfrom xo to the dipole source. HereA =
(1+ Fdr )=(1� Fdr ), andFdr is adiffuseFresneltermapproximated
by Fdr = � 1:440=h 2 + 0:710=h + 0:668+ 0:0636h .

The diffusion approximationrequiresan expensive integrationof
light transportfrom all pointson thesurface. Jensenet al. [2002]
introducedatwo-passapproachtoacceleratetheintegrationprocess
remarkably. Thekey ideais to decouplethecomputationof incident
illumination from theevaluationof BSSRDF, makingit possibleto
reuseilluminationsamples.Speci�cally, in the�rst passthey com-
puteirradiancevaluesfor uniformly sampledpointson thesurface.
Thesesamplesarestoredin anoctree,with eachnodestoringclus-
teredvaluesof all its child nodes.In thesecondpassthey traverse
theoctreeby recursively subdividing nodes,evaluatethediffusion
approximationusingclusterednodevalues,andemploy a simple
heuristicto decidethelevel to stopsubdivision.

Singlescatteringis computedby the following equationin which
theBSSRDFsinglescatteringtermS(1) is implicitly de�ned:

L(1)
o (xo; ~wo) = ss

Z

2p

Z ¥

0
F p(~wi

0; ~wo
0) e� s t (s0

i+ s) L(xi ; ~wi) dsd~wi (4)

where~wi
0 and ~wo

0 arethe refractedincomingandoutgoingdirec-
tions, F = Ft (h ; ~wi) � Ft (h ; ~wo) is the combinedFresneltransmit-
tance,s0

i andsarethescatteringpathlengthsalong~wi
0and ~wo

0, and
p is anormalizedphasefunction.Whensamplingtheillumination,
it is dif�cult to estimates0

i accuratelysincethatrequires�nding the
point of refractionxi for arbitrarygeometry. In practice,if we as-
sumethatthesurfaceat xi is locally �at andillumination is distant,
agoodapproximationof s0

i canbefound[Jensenetal. 2001]by:

s0
i = si

j~wi �~ni jq
1� ( 1

h )2 (1� j~wi �~ni j2)
(5)

wheresi is the observed path length as if the incident ray is not
refracted.Thesinglescatteringcomponent(Eq 4) is derived from
previouswork by HanrahanandKrueger[1993]andis computedby
MonteCarlointegrationalong ~wo

0. Figure2(a)shows thescenario.



3 Algorithms and Implementation

In this sectionwederive thealgorithmsfor precomputingtransport
functionsdueto theBSSRDFandpresentanacceleratedGPUim-
plementation.We assumea homogeneousmediumilluminatedby
distantenvironmentlighting andconsideronly directillumination.

Diffuse Multiple Scattering Sincelighting is distant,we have
L(xi ; ~wi) = L(~wi)V(xi ; ~wi) whereV is the visibility. Substituting
Eq2 into Eq1, wecanwrite down theoutgoingradianceLd dueto
diffusemultiplescatteringas:

Ld(xo; ~wo) =
1
p

Ft (h ; ~wo)
Z

2p
L(~wi) Td(xo; ~wi) d~wi (6)

Td(xo; ~wi) =
Z

A
Rd(jjxi � xojj ) E(xi ; ~wi) dA(xi) (7)

E(xi ; ~wi) = Ft (h ; ~wi)V(xi ; ~wi) (~ni � ~wi) (8)

whereTd is the multiple scatteringtransportfunction to be evalu-
ated,E is theirradiancetransportfunctionatpointof illuminationxi
which describeslight transportfrom theenvironmentto xi , andthe
diffusere�ectanceRd (de�ned in Eq 3) predictsthe light transport
from xi to xo, similar to form factors in radiositymethods.Using
numericalcubature,wecanevaluatetheintegral in Eq6 as:

Ld(xo; ~wo) =
1
p

Ft (h ; ~wo)å
j

Td(xo; ~w j ) L( ~w j )

Now we canprecomputeTd for every vertex andstoreit asa trans-
port vector. Relightingthenreducesto a simpledot productof Td
with the light vectorL. Notice that the above relighting equation
holdswhenL is expressedin any orthonormalbasis,suchasspher-
ical harmonicsor wavelets.Thismakesit possibleto applyapprox-
imationtechniquesfor ef�cient storageandfastrendering.

As in [Ng et al. 2003], we parameterizethe distantlighting on a
highresolutionenvironmentcubemap,andcompresstransportvec-
tors Td using non-linearwavelet approximation. To computeTd
ef�ciently , we applythetwo-passhierarchicaltechniqueby Jensen
etal. [2002],but performthecomputationin transportvectorspace.
Speci�cally, in the�rst passwe computeirradiancetransportfunc-
tions E for a set of uniformly distributed surfacesamplepoints.
We apply a wavelet transformon thesetransportfunctions,non-
linearly approximatethemby keepingonly a boundednumberof
the largestwaveletcoef�cients, thenquantizeandstorethecoef�-
cientsascompressedtransportvectors.In thesecondpass,webuild
akd-treebyclusteringandsummingtheirradiancetransportvectors
computedin the�rst pass.To reducememoryconsumption,we al-
wayskeepa boundednumberof waveletcoef�cients at eachnode,
andtruncatethe remaining. Next for eachvertex we traversethe
kd-treein thesamemannerasJensenet al. andevaluatetransport
vectorTd by accumulatingclusteredirradiancetransportvectorson
eachnode.Theclusteringandaccumulatingprocessis valid since
the wavelet transformis a linear operator. As the nodelevel goes
up, somehigh-frequency componentsmay be lost by truncation;
however, by keepinganappropriatenumberof waveletcoef�cients
ateachlevel, theartifactsareunnoticeablein our tests.

SingleScattering Therearetwo dif�culties in precomputingsin-
gle scatteringaccordingto Eq 4. First, the integrationpathis the
refractedoutgoingdirection,which is unknown at precomputation
time. Second,a generalphasefunction dependson both incident
andview directions,makingprecomputationinseparablefrom ren-
dering. To this end,we proposetwo approximationsto make pre-
computationfeasible. First, we alwaysplacesamplepointsalong
the oppositedirectionof a vertex normal. By doing this, we have

Figure3: Renderingof singlescatteringfor the bird modelusing
phasefunction approximations.In both imagesa 4-termapprox-
imation of an HG phasefunction is applied: the left imagewith
g = 0:25 (primarily forward scattering)and the right imagewith
g = � 0:25 (primarily backwardscattering).

approximatedthe view-dependentintegration path with a view-
independentpathknown at precomputationtime (seeFigure2(b)).
Thisapproximationchangestheobservedincidentpathlengthsi . It
is moreaccuratefor samplepointscloserto thesurface,which are
alsothemoreimportantsamplesfor theintegraldueto theexponen-
tial attenuationin s. Second,weapproximatethephasefunctionus-
ing a separabledecompositiontechniqueintroducedby [Kautzand
McCool1999],whichhasbeenusedfor BRDFrendering:

p(~wi ; ~wo) �
K

å
k= 1

gk(~wi) hk( ~wo) (9)

whereK is the numberof approximationterms,gk andhk arethe
light mapandview map, andarestoredastexturesto be indexed
with incidentandview directionsrespectively. A numberof ma-
trix factorizationmethodsareavailablefor thedecomposition,from
which we choosesingularvaluedecomposition(SVD). With this
approximation,wecannow handlephasefunctionsin thesameway
as[Wangetal. 2004]and[Liu etal. 2004]handleglossyBRDFsin
PRT. WesubstituteEq9 into Eq4 andrearrangetheterms:

L(1)
o (xo; ~wo) � Ft (h ; ~wo)å

k
hk( ~wo

0)
Z

2p
L(~wi) T(1)

k (xo; ~wi) d~wi

T(1)
k (xo; ~wi) =

Z ¥

0
ssTp(xp; ~wi) e� s t sds (10)

Tp(xp; ~wi) = gk(~wi
0) Ft (h ; ~wi) e� s t s0

i V(xi ; ~wi) (11)

whereT(1)
k is the k-th single scatteringtransportfunction, corre-

spondingto the k-th phasefunction term. xp is the samplepoint
at distances alongthe integrationpath,andTp is the illumination
transportfunctionat xp describingtheamountof light transported
to xp from theenvironmentbut attenuatedalongthe incidentpath.
Notice that for an isotropic phasefunction, the single scattering
transportfunction is in a diffuseform, andcanthereforebe com-
binedwith themultiplescatteringcomponent.Usingnumericalcu-
bature,wewrite down thesinglescatteringrelightingequationas:

L(1)
o (xo; ~wo) = Ft (h ; ~wo)å

k
hk( ~wo

0)å
j

T(1)
k (xo; ~w j ) L( ~w j )

Evaluationof T (1)
k canemploy MonteCarlotechniquesto integrate

Tp over thesamplepath. For importancesampling,we pick a ran-
domdistancealongthesamplepathby s(x ) = � ln(1� l x )=js t j,
wherex 2 [0;1] is a uniformly distributedrandomnumber, js t j is
theluminanceof s t , l = 1� e�j s t j dm is thenormalizationterm,and
dm is the integrationupperlimit, which is the maximumdistance
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Figure4: Renderingof thebunny modelwith thecomponentsof asyntheticBSSRDF. Wealsoshow aBRDFrenderingfor comparison.

(a) (b) (c) (d)

Figure 5: Ray tracedimagesof the
single scatteringterm (Eq 4) for the
headmodelusinganHG phasefunc-
tion with g= � 0:25. (a) is thetruean-
swerusingthe refractedoutgoingray
as the integration path with 128 im-
portancesamples;(b) is our approxi-
mationusing the negative normaldi-
rection as the integration path with
128importancesamples;(c) is similar
to (b) but usesonly 16 deterministic
samples;(d) is renderedwith adiffuse
BRDFfor comparison.

alongthepath.Theprobabilitydistribution functionfor this impor-
tancesamplingis g(s) = js t j e�j s t j s=l . In practice,sinceit takes
many randomsamplesto eliminatenoise,we insteadusea �x ed
numberof N deterministicsampledistancesby taking s = s(xi),
wherexi = (i � 0:5)=N andi = 1: : :N.

Precomputation We parameterizethe distantlighting on a 6�
32 � 32 cubemap. Irradianceand illumination transport func-
tionsarecomputedby renderinginto OpenGL16-bit �oating point
pbuffers. This eliminatesthe needto downloadintermediatedata
suchas visibility mapsto the CPU. For multiple scattering,we
�rst evaluateirradiancetransportfunctionsfor a setof evenly dis-
tributedsurfacesamplepoints.At eachpoint,werasterizeasimpli-
�ed modelontothesix cubemapfacesandsetthestencilbuffer to
onefor every pixel drawn. Theinverseof thestencilbuffer, which
now storesthevisibility information,is thenappliedto generatethe
transportfunctionaccordingto Eq 8. For properanti-aliasing,we
use2� 2 supersamplingin rasterization.Wethendown samplethe
dataon the cardanddownloadthe pbuffer to the CPU to perform
the non-linearwavelet approximation. The resultsare quantized
andstoredastransportvectorssimilarly to [Ng et al. 2003]. Once
irradiancesamplingis completed,weapplythehierarchicalintegra-
tion to computetransportvectorsTd by thediffuseapproximation.

For singlescattering,we samplealongthe negative normaldirec-
tion of eachvertex. Theintegrationupperlimit dm is precomputed
usingaraytracerby shootingarayalongthenegativenormaldirec-
tion anddetectingtheintersection.Weuse16deterministicsamples
to integrateover the path. At eachsamplepoint, we again render
a simpli�ed modelinto anOpenGLpbuffer with 2� 2 supersam-
pling. To correctlyaccountfor visibility, we setthe stencilbuffer
to incrementby onefor eachfragmentgenerated.A stencilcount
above 1 thusmeansthe incomingray is occludedbeforeentering
theobject.Also in thispass,weoutputvertex normalanddepthfor
eachfragment.Thesevaluesareusedin calculatingw0

i ands0
i for Tp

in Eq11. Thesinglescatteringtransportfunctionsarecomputedby

summingtheillumination transportfunctionsof eachsamplepoint
accordingto Eq 10. This is accomplishedon theGPUwith 16-bit
�oating point blending. If thephasefunction is isotropic,we then
sumthesingleandmultiplescatteringtransportvectorstoproducea
combineddiffusetransportvector. For anarbitraryphasefunction,
we �rst tabulatethephasefunctionby samplingboth incidentand
view directionson a 6� 16� 16 cubemap,thenperforma SVD on
the tabulateddata,keepingthe �rst K = 4 termsandstoringthem
ascubemaptextures. Eachterm containsa pair of light mapand
view map. We apply the K light mapsin precomputationasindi-
catedby Eq 11 andproduceK transportfunctionsper vertex. In
this case,eachof the K = 4 transportfunctionsis computedinto
its own surfaceof a pbuffer using multiple rendertargets,elimi-
natingthe needto recomputevisibility for eachterm. We �nally
transferdownsampleddatato theCPUto performthe�nal stepof
non-linearwavelet approximation.Computingthe transportfunc-
tionsontheGPUis essential,providing uswith aperformancegain
of anorderof magnitudeover anequivalentCPUimplementation,
whichusestheGPUonly for visibility sampling.

Rendering To render, we dynamicallysamplethe environment
mapona6� 32� 32cubemapandapplya2D Haarwavelettrans-
form to producethe light vector. We computethedot productsof
thelight vectorwith thetransportvectorsontheCPU.For adiffuse
transportvector, theresultsarescaledby theFresneltransmittance
todeterminethe�nal vertex colors.ForaK-termphasefunctionap-
proximation,theseresultsneedto befurthercombinedwith texture
lookupsof therefractedview directioninto thephasefunctionview
maps(hk( ~wo

0)). TheFresneltermand ~wo
0arebothcomputedin the

fragmentshaderthat alsoaccessesthe view maptextures. In ad-
dition, sincespecularhighlightsplay an importantrole in perceiv-
ing translucentobjects,weuseapre-convolvedenvironmentmapto
addaspecularcomponentto the�nal rendering.Althoughtheenvi-
ronmentmappingtechniqueignoresself-shadowing, it qualitatively
simulatesconvincing appearancewhencombinedwith thetranslu-
centbasecolor, whichhastakeninto accountself-shadowing.
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Figure6: From (a) to (d) we show renderingsof singlescatteringusinga 1-term,4-term,8-termand16-termapproximationfor the HG
phasefunctionwith g = � 0:4. (e) is renderedwith theanalyticphasefunctionfor comparison.(f) plots thedecayof theRMS errorof our
approximationasthenumberof termsincrease.EachcurvedenotesanHG phasefunctionwith adifferentparameterg.

4 Results and Discussion

In thissectionweshow ourexperimentalresultsandverify oursin-
gle scatteringapproximations.Timings are recordedon an Intel
Pentium4 2.53GHzcomputerwith 1 GB memoryandanNVIDIA
GeForce6800GT graphicscard.Ourprogramsarecompiledusing
Intel Compilerversion8.0.

Figure1 shows thebird modelrenderedwith a syntheticBSSRDF
(ss = [0:75;0:85;1:00], sa = [0:02;0:04;0:07]) that includesboth
multiple scatteringand single scatteringwith an isotropic phase
function. To demonstrateour techniquein all-frequency lighting
environments,weprecomputethismodelusinga6� 64� 64cube-
mapresolutionandkeep256(� 1%)waveletcoef�cients. Notethe
high andlow frequency shadows on the diffuse�oor . This model
contains60K verticesincludingthe�oor . It requires45minutesto-
tal precomputationtime,andwecanrelight themodelat6 fps. For
all othertests,weuseasmallercubemapresolutionof 6� 32� 32,
andkeep128 (� 2%) wavelet coef�cients. Subsurfacescattering
tendstoblur thelight acrossshadow boundariesandsoftentheover-
all look of anobject.Thereforecomparedwith theBRDF, theBSS-
RDF transportfunctionsarerelatively low-frequency, anda lower
cubemapresolutionthussuf�ces. A goodreferencefor accuracy
analysisof the non-linearwavelet approximationcanbe found in
[Ng etal.2003].Theprecomputationtime,storagesizeandrelight-
ing speedfor our testmodelsarelistedin Table1. View-dependent
renderingis maintainedat real-timeratesandarenot listed.

Figure4 andFigure7 show renderingsof theBSSRDFcomponents
andcomparethemwith a diffuseBRDF rendering.Figure8 shows
theBSSRDFrenderingof thedragonmodelwith aPerlinstylemar-
ble texture.Notethetranslucentappearanceof theobjectsandhow
the singlescatteringcomponentaddsa solid yet translucentlook
to the models. In all theseexampleswe usesyntheticBSSRDF
parametersso that the contributions from the singleandmultiple
scatteringcomponentsareaboutthesame,andthesinglescattering
componentsareall computedwith anisotropicphasefunction.

SingleScatteringApproximation To verify ourapproximations
with singlescattering,we renderthe singlescatteringcomponent
for the headmodel using a Monte Carlo ray traceraccordingto
Eq4. WeusetheBSSRDFparametersof ameasuredmarblemate-
rial from [Jensenetal. 2001]andapplyaHenyey-Greenstein(HG)
phasefunction with g = � 0:25 (primarily backward scattering).
Figure 5 shows the comparisonof the ray tracedimagesand the
model is illuminatedwith a singledistantlight. Image(c) is ren-
deredwith our approximationfor the integrationpathandthe de-
terministicsamplingmethod,which qualitatively matchesthe true
answerin (a)yet is signi�cantly faster. NotethattheBRDFrender-
ing in (d) is distinctlydifferentfrom theotherthree.

Bird Buddha Bunny Dragon
No. of Vertices 31K 56K 72K 78K
Simp.Vis. 12K 20K 15K 24K
M.S.SamplePts. 150K 250K 300K 300K
M.S.pass1 P.T. 6 min 20min 14min 26min
M.S.pass2 P.T. 5 min 13min 12min 16min
S.S.iso. P.T. 14min 67min 42min 102min
S.S.4-termP.T. 17min 73min 48min 108min
Diff. Size 20MB 37MB 47MB 51MB
Diff. Light 25 fps 14 fps 12 fps 10 fps
4-termSize 79MB 148MB 188MB 204MB
4-termLight 6.5fps 3.5fps 3 fps 2.5fps

Table1: Precomputationandrenderingpro�les for our testmodels.
Eachcolumnlists themodelsize,thesizeof thesimpli�ed model
for visibility sampling;the numberof samplepointsandthe two-
passprecomputationtime for multiple scattering;precomputation
time for singlescattering,with an isotropicphasefunction anda
4-termseparablephasefunctionapproximation;precomputeddata
sizeandrelightingspeedfor adiffuseand4-termtransportvectors.

To analyzeour phasefunction approximation,we again usea ray
tracerto renderthesinglescatteringcomponentfor theheadmodel,
with an increasingnumberof phasefunctionapproximationterms
K. In Figure6 (a)-(e)wecomparetheresultsfor anHG phasefunc-
tion with g = � 0:4. We alsoplot thedecayof RMS errorsof our
approximationfor severalHG phasefunctions.As theparameterg
increases,thephasefunctionbecomesmoredirectionalandsharply
shaped,thereforerequiringmoretermsto approximateaccurately.
With K=4 wearelimited to a low-orderapproximationof thephase
function.This is similar to theBRDFwheremorespecularBRDFs
requiremore termsto approximateaccurately. Finally we show
two renderingsof thebird modelunderenvironmentlighting in Fig-
ure3. They arerenderedusingtheHG phasefunctionwith g= 0:25
(primarily forwardscattering)andg = � 0:25 (primarily backward
scattering)respectively. Notetheir differentappearances.

5 Conclusion and Future Work

Translucency is anattractiveandimportanteffect,but it is alsochal-
lenging to simulate. In this paperwe have presenteda method,
basedon precomputedlight transport,for interactive renderingof
translucentobjectsunderall-frequency environmentmaps.We in-
corporatethecompleteBSSRDFmodelin our precomputation,in-
cludingbothsingleanddiffusemultiplescatteringcomponents.For
singlescattering,we proposeseveral approximationsto allow for



Figure7: From left to right, the buddhamodel is renderedwith the
BSSRDFmultiplescatteringcomponent,combinedmultipleandsingle
scatteringcomponents,andadiffuseBRDFfor comparison.

Figure8: The dragonmodelrenderedwith the combinedBSS-
RDF singleandmultiple scatteringcomponents.A Perlin style
marbletextureis appliedduringthe�nal rendering.

view-dependentrendering. This improveson previous interactive
systems,which have ignoredthe singlescatteringcomponent.In
thefutureweplanto accelerateourprecomputationfor singlescat-
teringby reusingilluminationsamples.Thecurrentsystemconsid-
ersonly direct illumination, andwe would like to includeglobal
illumination from outsidethemedium.We alsoplanto incorporate
multi-layeredmodelsinto oursystem,whichcanincreaseaccuracy
andrealismfor certainmaterialssuchasleavesandskin.
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